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1 Public vs. Private Randomness

Theorem 1.1 (Newman’s Theorem). Let M € {0,1}"*" and let II be any public-coin
randomized protocol for M with error . Then there is a public-coin randomized protocol for
M with error 2e that uses at most loglog(mn) + O(log(1/€)) random bits.

Proof. A randomized protocol for M with cost ¢ and error € is a probability distribution D over
deterministic protocols with depth ¢, such that

VY, y: P |II M, ., <e. 1
,y @ y) # Myy| < e (1)
Fix some number k and let IIy,...,IIx ~ D be deterministic protocols drawn independently from

D. For input pair (z,y), we say that a sequence of protocols I1y, ... Iy is good for (z,y) if
i € (]| Ti(e,y) = Moy} > (1— 2k,

and otherwise it is bad for (z,y).

Claim 1.2. Suppose there exists a sequence 11y, ... 11y that is good for all input pairs (z,y). Then
there is a randomized protocol computing M with error 2 and cost ¢, using at most [logk]| bits of
randommness.

Proof of claim. The new protocol chooses a random ¢ ~ [k] (which requires [log k] bits of random-
ness) and then runs I1;(x, y), which has cost ¢. By definition of goodness, the error of the protocol
on (x,y) is

B, (3,9) # May = 1 - #0 € (]| T, 9) # My} < 2.

in[K]
Since this holds for all inputs (z,y), the protocol has error 2¢. |
It remains to show that there exists a sequence of protocols Iy, . .., II; that is good for all input

pairs (z,y) simultaneously, for appropriately chosen value of k.

Claim 1.3. For all input pairs (z,vy),

2

P[(IIy,...,II}) is bad for (x,y)] < e 2k,



# M, ,] be the random variable

Proof of claim. For a fixed input pair (z,y), let Z; = 1 [I1 (x Y)
[Z;] <e,s0

that is 1 if and only if II;(z, y) is incorrect. By Equation (1),

k
E Zzi] < ke.
1=1

The sequence (ITy,...,II;) is bad for (z,y) if and only if ), Z; > 2ke. Since Z; are independent
Bernoulli random variables, by the Hoeffding bound,

k
P [Z Z; > 2ke
=1

We may now complete the proof of the theorem by choosing k& = 2%2 In(mn). Then by the union
bound,

_ 2k2e2 _91..2
e = ¢ 2ke", [ |

P[3(x,y) € [m] x [n]: (ITy,...,II) is bad for (z,y)]
< mn-maxP[(Il,...,II}) is bad for (z,y)]
T,y
<mn-e " < 1.
Therefore there exists a sequence IIy,...,II; that is good for all (z,y), and we obtain a protocol
which uses at most [log k] = loglog(mn) + O(log(1/¢)) random bits. [

Corollary 1.4. For all M € {0,1}*" and ¢ > 0, R\"™(M) < R.(M) + loglog(mn) +
O(log(1/¢)).

Proof. Using Newman’s theorem, Alice can generate all loglog(mn) 4+ O(log(1/¢)) random bits
privately and then send them in a message to Bob. Then they can run the public-coin protocol. W

2 Yao’s Principle

Let us now turn our attention to lower bounds on randomized communication. Lower bounds
on randomized communication (and in fact, randomized algorithms in general) usually use Yao’s
principle, or Yao’s minimazx lemma.

Definition 2.1 (Distributional Communication Complexity). Let M € {0,1}"*" be any
communication problem and let p be any probability distribution over the inputs [m] x [n].
Then we write D,, (M) for the minimum depth of a deterministic protocol II such that

P [(x,y) # Mx,y] <e
(m»y)'\’ﬂ

In other words, D, (M) is the optimal cost of a protocol with average error € over p.

Yao’s minimax lets us rewrite randomized communication complexity the deterministic com-
munication complexity with small average error:



Theorem 2.2 (Yao’s Minimax). Write D(A) for the set of probability distributions over any
domain A. Let M € {0,1}™*"™ be any communication problem.

R.(M) = max D M).
«(M) peD([mix[n]) we(M)

Proof. We will require a more fundamental minimax theorem known as von Neumann’s minimaz
theorem:

Theorem 2.3 (von Neumann Minimax Theorem). Let Q € RA*5 be any matriz. Then

max min ¢' Qb= min max a' Qb.

a€D(A) beD(B) beD(B) acD(A)
Equivalently,
; E ii] = mi E i
T oI oo Q] = T, e (@]

Let us rephrase the statement that we wish to prove:

Claim 2.4. For every ¢ € N and € > 0, R.(M) < c if and only if, for every distribution p over
inputs, D, (M) < c.

To apply von Neumann’s theorem, recall that a randomized protocol with cost c is a probability
distribution over deterministic protocols II with cost ¢. Let A. be the set of all deterministic
protocols with cost c.

Now define the matrix Q. € {0, 1}([7"}””])“46 whose rows are indexed by input pairs (x,y) €
[m] x [n], and whose columns are indexed by deterministic protocols with cost c. Then define

Qe((z,y),11) = T [II(z, y) # May],

i.e. put a 1 in entry ((z,y), A) if and only if the cost-c protocol II makes an error on input (x,y).
From von Neumann’s minimax, we obtain the following:

min max E [ E
A€D(Ac) p€D(Im] X [n]) I~A | (2,y)~p

1Qu(IL, (. y>>@

= a; i E E (I1, (x,
Wt ) A [(w,yw (Qe(IL y”@

Our goal is to replace this equation with:

min max P [II(z, M, ] = max min P [II(x, M, ..
AeD(Ae) (z,y)€[m]x[n] I_INA[ ( y) ?é ,y] peD([m] x[n]) A€ A. (m,y)w,u[ ( y) 7& ,y] (3)

This will suffice to prove Claim 2.4, hence the whole theorem, because
R.(M) = min{c | left side of (3) is <e}

while
max D, (M) = min{c | right side of (3) is < ¢}
w

Let us prove two statements:



Claim 2.5. The left side of Equation (2) is

min max E

]E C]-_-[7 ) = i ]P) ]___[ 5 MI .
jun e BB QL)) < i mes P G) £ M)

AeD(Ac) (z,y)€[m]x[n] TI~A

Proof of claim. Tt suffices to show that for every distribution A € D(A,),

M(x,y) # Mm,y]] = (x’ymax P [II(x,y) # My,].

max E [ P
pe€D([m]x[n]) I~A | (z,y)~p )E[m]x[n] TI~A

It is clear that the left side of this equation is at least the right side, because the max is over a
larger set (on the right we are maximizing over distributions p that put the entire probability mass
on a single input pair (z,y).). Therefore we only need to show that the left side is at most the right
side. Fix any distribution p € D([m] x [n]) and let

Since this is an expectation over (x,y) ~ u, there must exist some fixed (z,y) such that

HIEA [TX(z,y) # Myy] > (m,:ll;[%wp [H%A [H(z,y) # Mwy]] = O

Therefore max, §, < max,, P [II(x,y) # M, ], as desired. [

Claim 2.6. The right side of Equation (2) is

max min & E (I, (z, = max min P [II(x, M,.].
ME'D([m]X[n])AGD(AC) II~A (m’y)wﬂ [Q ( ( y))]:| UED [m]x[n]) AcA. (m,y)N/,L[ ( y) 7& 7?/]

Proof. This proof is essentially the same as the one above.

This concludes the proof of Theorem 2.2.

3 Discrepancy

For deterministic communication complexity, there is an easy proof that, if there is a cost ¢ protocol
computing M € {0,1}™*", then there is a monochromatic rectangle of size mn - 27¢. 'We have
no similar proof for randomized communication. Even the simplest version of this is open, for
randomized protocols of cost ¢ = O(1):

Open Problem 1 ([CLV19, HHH23]). Let M € {0,1}™*" have Ry/4(M) = O(1). Then
there exists a monochromatic rectangle X XY in M such that

| X xY|=Q(mn).

For randomized protocols, instead we have the notion of discrepancy, which plays a similar role
as monochromatic rectangles.



Definition 3.1 (Discrepancy). Let M € {0,1}™*" let u be any probability distribution
over entries of the matrix. Let zeroes(M) := {(z,y) | M, = 0} be the set of O-entries of M,
and ones(M) := {(x,y) | My, = 1} be the set of l-entries. For any set S C [m] x [n], we
define

po(S) = (S N zeroes(M))
p1(S) == p (S Nones(M)).

Now we define

disc,, (M) = el lo(X X Y) — (X x V)|

Whereas deterministic protocols with cost ¢ must have a monochromatic rectangle with density
27¢, randomized protocols with cost ¢ must have a rectangle with discrepancy 279, as we show
in the next theorem.

Theorem 3.2. Let M € {0,1}™*" and let € > 0. Then for all distributions p of the entries
of M,

Proof. Let ¢ = R.(M) be the cost of the optimal randomized protocol for M. Fix any distribution
. First we apply Yao’s lemma,

c= Ra(M) > DH,E?
so there exists a deterministic protocol II with cost at most ¢ and average error € over the distri-
bution p. For each leaf L C [m] x [n] of the protocol II, we may assume without loss of generality
that the label of L is 0 if po(L) > pi(L) and 1 if w1 (L) > po(L); otherwise we can swap the label
of the leaf and reduce the average error of the protocol. Now we can write the average error as

€ > Z P [(x,y) € L A label of L is not M, ]

leaves L (@) ~p
= > min{ug(L), (L)}
leaves L
1 . .
= ) 5 (Bo(L) + pa (L) = luo(L) — m(L)]) (using min(a,b) = 5(a+b—[b— al))
leaves L
1 1
=5 2w ) =5 D luo(L) = m(L)
leaves L leaves L
1 1
=375 ( Z [o(L) — Hl(L)’>
leaves L
> 1L e dise,(an)
2575 isc, )
where we used the fact that there are at most 2¢ leaves of II. Rearranging this inequality, we obtain
. 1-—2¢
> T Y
~ disc, (M)
and taking the log of both sides gives us the desired conclusion. |



4 Lower Bound for Inner Product

Definition 4.1 (Inner Product). Let x,y € {0,1}". We define the inner product mod 2 problem
as

n
1P, (z,y) := inyi mod 2.
i=1

Theorem 4.2. Ry /4(IP,) = O(n).

Proof. We will use the discrepancy lower bound with u being the uniform distribution over {0, 1}" x

{0,1}".
Let X XY be any rectangle

disc, (X x V) = (X x ¥) — 1 (X x V)]

E L[z X1y eY](L[(z,y) even ] — 1 [(z,y) odd ]

mﬂ:ﬂy {]l [x € X]1[yeY] (_1)<m7y>} ’

—¢£u@exuweﬂt4wwf

To advance in the proof, let’s introduce an important inequality called Jensen’s inequality.

Proposition 4.3 (Jensen’s Inequality). Let ¢: R — R be any convex function. Then for any
random variable z € R,

P(E[p(2)]) <Efo(2)]-

Since the function z — 22 is convex,

E []1 e X]1[yey] (-1 2 —E :n [z e X]IyE [11 [y €Y] (—D““”H2
<E 1 [z € X]QIyE []l [y € Y] (—1)<m’y>r]
~E|1feX]E[t[yeY] <—1><”’>}2]

= | y
< I:cE [5 []1 [y €Y] (—1)(%,?;)}2] )

where the last inequality holds since both terms inside the expectation are positive and 1 [x € X] <



1. Now

E [15 [11 [y €] (—1)<W>H =E _IyE []1 [y €] (—1)<w7y>} E [11 [y €] (—1)<wvy>H
—5|E [ty e <—1><wvy><—1><w’y’>H
i
= E [ty eV]E [ sadll

For any fixed y,y’ € {0,1}", if y 4+ ¢/ has any coordinate i € [n] where y; + y, = 1, then

E [(_1)<w,y+y’>} - [(_1)<w[n]\¢,(y+y’)[n]\¢)(_1)%} - T |:(_1)<w[n]\i7(y+yl)[n]\i>i| E [(-1)%] = 0,

where x,)\; is the substring obtained by deleting coordinate i. On the other hand, if y + v’ has no
coordinate i where y; + y, = 1, then y = ¢/. So

E [ty eY]E[(-)#v]| =Ply=y] E [tyeVIE[-)®] | y=y

. Plyey]<

1
on 2n

since (—1)(®2) = 1 always, since Y, 2z;y; is even. Therefore
disc, (X x V) < V2=n =27"/2,

SO

Ry/a(IP,) > Q <log (dlscj(lpn))) = Q(n). m
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